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1 Introduction 

As is well-known, given the complex sphere P 1 minus two points, there exist nonconstant 
holomorphic maps from the plane into this set, the simplest example of which is given by 
applying the exponential map and then composing with a Mobius transformation taking 
and oo to the two given punctures. Likewise, given the sphere minus one point, we can map 
the plane into this set by simply applying directly a Mobius transformation taking oo to this 
puncture. 

In this paper we prove a parametrized version of this result. To be more precise, we make 
the following definition. 

DEFINITION 1.1 Let U be a noncompact Riemann surface and let D C U x P 1 be a 

1- dimensional complex variety of the form D = {(z,w) : a(z)w 2 + b(z)w + c(z) = 0} for 
holomorphic a, b, c such that for generic z € U the fiber D z = DO ({z} x P 1 ) has two points. 
Then D is called a double section over U. 

The parametrized version of the above result is that, given a double section D over U, 
there is a fiber preserving holomorphic map from U x C to the complement of D which on 
each fiber has the form described above. 

THEOREM 1.2 Let D be a double section over U. Then there exists a holomorphic map 
F : U x C ->■ (U xP')\D of the form F(z,w) = (z,H(z,w)). Moreover, if #D Z = 2, 
then H(z,w) = M z (exp(c z w j), where M z is a Mobius transformation mapping and oo to 
the two points in D z and c z is a nonzero constant depending on z, while if #D Z = 1, then 
H(z,w) = M z (w) where M z is a Mobius transformation mapping oo to the point in D z . 

We will obtain this theorem by first proving a weaker result. 

THEOREM 1.3 Let D be a double section over U. Then there exists a holomorphic func- 
tion a : U — > P 1 whose graph, a holomorphic section over U, is disjoint from D. 

As a corollary of theorem 1.3 we have the following. 
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COROLLARY 1.4 Let D be a double section over U. Then after a biholomorphic change 
of variables on U xP 1 , there is a holomorphic function h on U such that D has the form 

D = {(z,w) : w 2 = h(z)}. 

Although it is possible to obtain these results more abstractly, the methods presented 
here are completely concrete and allow us to write the maps explicitly in terms of the initial 
coordinates. 

This paper developed out of ideas contained in [BL]. In that paper we showed that for 
many algebraic surfaces, the existence of a Zariski dense image of C is equivalent to the 
existence of a dominating map from C 2 into the surface (a dominating map is a holomorphic 
map with full rank generically). However, in that paper we did not resolve completely the 
question of the existence of a Zariski dense image of C in the complement of a general double 
section. We resolve the problem completely here. 

2 A holomorphic section 

In this section we prove theorem 1.3. Let D be a double section in U x P 1 . Since there 
are only countably many z G U for which #D Z = 1, we can apply a map of the form 
(z,w) i— > (z,M(w)) for some Mobius transformation M to ensure that if #D Z = 1, then 
oo ^ D z . 

Let be the set of z G U such that oo G D z . Then E^ is discrete, so we may apply a 
map of the form (z, w) H> (z,w — fo(z)), where f is holomorphic on U such that if z G E^ 
and w G D z , then w — fo(z) ^ 0. Hence if z G E^, there is a neighborhood of z such that 
in this neighborhood, D is the union of the graphs of two functions of the form uq(z) and 
u\{z)/{z — zq)" 1 , where Uj(zo) ^ and m > 1. 

Next, let fi be holomorphic on U such that if z G E^ with u ,Ui as described above, 
then h{z) = (z - z ) m + 0(\z - z \ m+1 ). Let F^z.w) = {z,h{z)w), and let C = F^D). 
Then C is a double section and is contained in U x C. Moreover, if z G E^, then C is 
locally the union of the graphs of vq(z) = uq(z)(z — zq)™ 1 and v\(z) = u\(z). Moreover, 
suppose that r is holomorphic on U such that t(z) D C z = if z £ E^, while if zq G E^, 
then t(z) = 0(\z — z \ m+1 ). Then Ff 1 (z J t(z)) = (z, t(z) / f\(z)) is a holomorphic section 
which avoids D when z £ E^ and which equals G C \ {u (z)} when z G E^. Thus 
a(z) = r(z)/fi(z) gives a holomorphic section in the complement of D, so it suffices to 
construct r. 

As the final simplification to D, we note that the sum of the points vq(z) and v\(z) in C z is 
holomorphic on U, so we define the biholomorphic map F 2 (z, w) = (z,w — {vq(z) +vi(z))/2) 
and let B = F 2 (C). Then B has the form B = {(z,w) : w 2 = h(z)}, where h(z) = 
((v (z) - v 1 (z))/2) 2 . Note that if z G E^, then 

F , (z , tW) = ( 3 , _ «oM(.-^r+«.w + 0(|l _ Jbr , j _ (21) 

so it suffices to construct a section, /i, avoiding B except at points zq G E^, at which points 
[i should have a development as in the second coordinate of (2.1). 
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To obtain the section /j,, we will first define a function g(z, ^Jh(z)) which is holomorphic 
on B except possibly where h = 0, then define 

-g(z, \/h[z)) + g(z, -\/h[z)) 



H{z) = V ^) ^V^t^.-V^ - (2 _ 2) 
g(z, y/h{z)) - g(z, -\/h(z)) 

Note that for each z, n is independent of the choice of ±y/h(z), so /i is well-defined and 
meromorphic except possibly where h = or both g(z, y/h(z)) and g(z, —^Jh(z)) are zero. 
We will construct g to ensure that at such points, fi has a removable singularity and so that 
[i avoids B except at points in E^, where [i has the form dictated by (2.1). 

To this end, let E = {z : #D Z = 1} = {z : G B z } = {z : h(z) = 0}. We require 

(a) If z G E , then g(z, y/h(zj) = 1 + y/h(z) + 0(y/\zh(z)\). 

(b) If G Evo, then taking \/h(z) = (vq(z) — V\(z))/2, we have g(z, y/h(z)) = 1 + z m + 
0(|^ - ^ | m+1 ) and 3(3, -^AR) = + 0(\z - z \ m+1 ), where a = u (z )/u 1 (z ). 

(c) If z i (E U Eoo), then g(z, ±^h(z)) ± 0. 

To obtain such a function g, let \l/ : X — >■ B be the normalization of -B, where X is 
a noncompact Riemann surface (see e.g. [C]). By [F, theorems 26.3, 26.5], the classical 
theorems of Weierstrass and Mittag-Leffler are valid on X . Hence given finite holomorphic 
jets at a discrete set of points in X, there is a function holomorphic on X agreeing with 
the given jets and having no other zeros. This can be done for instance by first finding a 
Weierstrass function, /, having the prescribed zeros, dividing all of the jet data by the jets 
of / at the appropriate points, then taking log of these new jets and interpolating to get 
a function g having these log jets. Then / exp(g) has the desired jets and no other zeros. 
Since \I/ is biholomorphic except where h = 0, the data in parts (b) and (c) transfer directly 
via \l/ to data on X. Hence we need focus only on part (a). 

Suppose zq G Eq. Without loss we may take z = 0. Suppose that h(z) = z m h\{z) 
with m odd and /ii(0) 7^ 0. Then after a local change of coordinates in X and a choice of 
y/hi(0), \& has the form *£(x) = (x 2 , x m y/ 'hi(x 2 )); i.e., x = \fz. In this coordinate system, 
*-\z, ±\/h(zj) = ±x = ±y/z, and y/h(z) = x m y/h^(x 2 ~). Hence in X, if <7i is holomorphic 
in a neighborhood of and satisfies g\{x) = 1 + x m \/hi(ti) + 0(|a;| TO+1 ), then g = g L o ^f~ x 
has the asymptotic development given in (a) in a deleted neighborhood of 0. 

Suppose next that h(z) = z 2m hi(z) with h(0) ^ 0. In this case, B consists of two distinct 
components which intersect at the origin, and hence the origin lifts to two distinct points 
xq,xi in X. Making a choice of y/hi(0), we see that after a local change of coordinates near 
Xj, ^ has the form 

V(x) = (x - Xj, (-l) j (x - Xj) m \Jhi(x - Xj)). 

Hence ^(z, (-l)J 'z m V %(z)) = z + Xj. As before, in X, if gi is holomorphic in a neighbor- 
hood oi Xj and satisfies g\{x) = 1 + (— l)i(x — Xj) m y/hi(Q) + 0(\x — Xj\ m+1 ), then g = gioty^ 1 
satisfies the development in (a). 
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Hence the requirement in part (a) can be satisfied by specifying a discrete set of finite 
jets in X . As mentioned above, there exists a function g\ holomorphic on X agreeing with 
the given finite jets and having no other zeros. Then g = g x o \l/ 1 satisfies (b) and (c) and 
satisfies (a) in a deleted neighborhood of each z e E . 

Given g, note that /i(z) defined as in (2.2) is holomorphic except possibly when z € Eq. 
Moreover, if z is not in E U E^, then g(z, ±y/h(z)) ^ for either choice of ±, hence 
n(z) ^ ±y/h(z). Hence to finish the proof we need show only that /j, is holomorphic and 
nonzero at each z € E , and that fi has the development given by (2.1) at points z € E^. 

Suppose first that z € E . As before, we may assume z = and that h(z) = z m h\{z) 
with hi(0) and m > 1. Recalling that \x is independent of the choice of ±y/h(z), we 
have 

= (i + v ^) + ( i-^) + ( k |.^)/») 

w (i + Vh) - (i - Vh) + o(|^|( m + 1 )/ 2 ) 

= l + 0(\z\ 1 / 2 ). 

Hence [i has a removable singularity at z = and is nonzero there. 

Finally, suppose that z € E^, and recall that in this case, h(z) ^ 0, and y/h(z) = 
(vq(z) — vi(z))/2, where, assuming that zq = 0, we have vq(z) = z m uo(z) and v\(z) = u\(z), 
Uj(0) ^ 0, and the development in part (b) holds. Then 



v - vA 1 + (1 + a)z m + 0(|^| TO+1 ) 



^ 1 2 J l + (l-a)z m + 0(\z\ m + 1 ) 
U ° Zm ~ Ul ^j (1 + 2az m + 0{\z\ m+l )) 

= - u ° zm+ ui + UoZ ™ _ aUlZ ™ + o(i^ m+i ). 

At 

Since a = m (^o)/^i(^o), we see that this last expression has the same form as the second 
coordinate in (2.1). Thus fi is a holomorphic section with all the desired properties, and 
hence applying F 2 l and F{ 1 gives a holomorphic section avoiding D, as claimed. ■ 



3 Normal form and dominating map 

In this section we prove corollary 1.4 and use this to prove theorem 1.2. The proof of 
corollary 1.4 is simply a matter of changing coordinates in U xF 1 so that the section provided 
by theorem 1.3 becomes the infinity section in the new coordinates. Although this is a 
standard technique, we provide the proof for completeness. 

Proof of corollary 1.4: Let D be a double section over U. We first apply a map which 
is biholomorphic on U x P 1 and which maps D into UxC To construct such a map, note that 
by theorem 1.3, there exists a function a meromorphic on U such that the graph, S, of a in 
U xF 1 is disjoint from D. If a is holomorphic, we apply the map M(z, w) = (z, l/(w — a(z))), 
which is biholomorphic on [/ xP 1 and which takes E to the infinity section and hence satisfies 
M(D) c U x C. 
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Otherwise, a is meromorphic but not holomorphic. Choose a function ip holomorphic on 
U such that the zeros of tp are exactly the zeros of 1/er, with the same order at each zero. 
Let <f>(z) = {-l/a(z)) + (l/g(z)), and let 

. cf)(z)w + 1 
M{z,w) = — ry. 

w — <j(z) 

If a(z ) G C, then 4>(z ) G C with 0(zo) 7^ — l/er(zo), and hence M(^ , ■) is a nondegenerate 
Mobius transformation taking a(zo) to 00. If a has a pole of order m at zo, then cf> has a 
pole of the same order at zq, so multiplying numerator and denominator by (z — Zo) m , we 
see that M(z , w) = cw for some c 7^ 0. Hence M is biholomorphic and M(E) is the infinity 
section, so M(D) is contained in [/ x C. 

Now, near a generic point in U, M(D) is the union of the graphs of two holomorphic 
functions uq and u\, and the symmetric function uq + u\ is holomorphic on U. Hence the 
map 

N{z, w)= \z,w 

is biholomorphic on U x P 1 , and taking h(z) = (u (z) — Ui(z)) 2 /4, we have N(M(D)) = 
{(z, w) : w 2 = h(z)}. m 

Finally, we are ready for the construction of a dominating map into the complement of 
a double section. 

Proof of theorem 1.2: Let D be a double section in U x P 1 . By the corollary, we may 
assume that D = {(z, w) : w 2 = h(z)} for some h holomorphic on U. Let 



exp(y/h(z)w) — exp(—y'h(z)w) 

Note that F is independent of the choice of ±^/h(z). Moreover, F is simply the Mobius 
transformation x 1— > (x + l)/(x — 1) applied to exp(2y/h(z)w), then multiplied by yjh(z). 
In particular, if h(z ) 7^ 0, then F(z , •) maps C into P 1 \ {±<\/h(z)}, and F is holomorphic 
except possibly where h(z) = 0. 

Suppose h(z ) = 0, and without loss take z = 0. Then h(z) = z m h\{z) for some m > 1, 
hi(0) 7^ 0. Near we have 

F(z w) = / /^y ( 1 + VW)^) + (i - VW)v) + Q(kl (m+1)/2 ) 
l ' ' v u (i + v / M^)^)-(i-\/M^)^) + c>(k|( m+1 )/ 2 ) 

l + OQ^I 1 / 2 ) 
~ w + 0(|z|( m+1 )/ 2 )' 

Hence for each fixed to, to) has a removable singularity at 0, and F(0, w) = 1/w. Hence 
F is holomorphic in each variable separately, hence holomorphic by Hartogs' theorem. More- 
over, for each fixed z, F has the form of an exponential map followed by a Mobius transforma- 
tion if D has two points in the fiber above z, and F has the form of a Mobius transformation 
if D has one point in the fiber above z. ■ 
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